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It was observed for years, in particular in quantum physics, that the number of connected
permutations of [0; n] (also called indecomposable permutations), i.e. those ¢ such that
for any 7 <n there exists j > with ¢(j) <4, equals the number of pointed hypermaps of
size n, i.e. the number of transitive pairs (o,0) of permutations of a set of cardinality n
with a distinguished element.

The paper establishes a natural bijection between the two families. An encoding of
maps follows.

1. Introduction
1.1. Preliminary definitions

In the following B will denote a finite set. The group of all the permutations
on B (resp. [1; n]) will be denoted by &(B) (resp. &,,). Products of permuta-
tions are read from right to left, as for usual functions. A permutation group
on B is a subgroup of the group &(B). The permutation group generated by
T1,...,Tk is denoted (71, ..., 7). Given a permutation group G on B and an
element x € B, the orbit of = is defined by G -x={yeB,Ire€G, x(x)=y}.
Notice that the orbits of G define a partition of B. A permutation group
on B with one orbit only acts transitively on B. A subset X of B is stable
under the action of G if, for any x € X and any 7€ G, we have 7(z) € X.

A numbering of a finite set B is a bijection from B to [1; | B|]. We shall
denote Numb(B) the set of all the numberings of B and, for L € Numb(B),
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Fig. 1. A labeled pointed hypermap.

L L
x <y the linear order corresponding to L: x <y if L(z)< L(y). We shall use

L
terms as L-greater or L-minimum to refer to the < order.

A permutation m € &(B) is a conjugate of a permutation p € &(B) if
there exists a permutation pu € &(B), such that © = upu~!. By extension,
if 7€ &(B) and 0 € 6(X), where | X |=|B|, we say that 7 is a conjugate
of o in &(B) if there exists a bijection u: B — X, such that m = pou~*,
For instance, a permutation 7 is a conjugate of 7 in &,, if there exists a
numbering L of B, such that #= Lz L.

Hypermaps generalize the rotation scheme introduced by Heffter [7] and
then by Edmonds [6] for encoding a map on an arbitrary orientable surface.
A labeled hypermap on B is a couple (o,60) of permutations on B, such that
(0,0) acts transitively on B. The set B is the ground set of the labeled
hypermap, elements of B are its darts, while its vertices and edges are the
orbits of o and 6, respectively. The degree of a vertex (resp. of an edge) is
the size of the corresponding orbit of o (resp. #). A dart b€ B is incident
to a vertex (resp. an edge) if it belongs to the corresponding orbit of o
(resp. 0).

In figures (like Fig. 1), hypermaps are represented by means of their in-
cidence map: a bipartite map, whose white nodes (resp. black nodes, resp.
arcs) correspond to the vertices (resp. the edges, resp. the darts) of the hy-
permap. For a discussion about the equivalence of hypermaps and bipartite
maps, see [12], [9] and [13]. For hypermap (o,6), the clockwise circular order
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of the arcs around the white nodes (resp. the black nodes) correspond to o
(resp. 071).

Two labeled hypermaps (01,601) and (02,62) on By and Bs, respectively
are isomorphic if there exists an isomorphism p from the labeled hypermap
(01,01) to the labeled hypermap (o2,62), that is: a bijection p: By — B,
such that oo =pop~ and Oy =pub =t

A labeled pointed hypermap on B is a triple (o,0,r), where (0,60) is a
labeled hypermap on B and r € B is the pointed dart. It defines a pointed
vertez (o) -r and the pointed vertex degree |{(c)-r|. A pointed hypermap is
an equivalence class of the labeled pointed hypermaps for the equivalence
relation ~, where (01,01,71) ~ (092,02,72) if there is an isomorphism p from
the hypermap (o1,61) to the hypermap (o2,02) which maps r1 to 7o (see
Fig. 2). A map is a hypermap whose edges have all degree two.

B —" . B

Fig. 2. Equivalence of (01,01,71) and (02,02,72) by the isomorphism .

For a more general discussion about hypermaps, see [3], [8], [11].

Given a numbering L of B, a subset X C B is an up-set of L if, for every
xeX and ye B, L(y)> L(z) implies y € X. Notice that the up-sets of L are
totally ordered by inclusion.

Definition 1.1. Let G be a permutation group on B and let L be a num-
bering of B. The last connected component LCC(G, L) of the group G with
respect to L is the smallest non empty up-set of L stable under the action
of G.

When B=[1;n] and L is the identity numbering of [1; n], we shall write
LCC(G) instead of LCC(G,L). If 0 is a permutation on B, we shall write
LCC(4,L) and LCC(#) in place of LCC((#), L) and LCC((0)).

Definition 1.2. Let L be a numbering of a finite set B. A permutation
0 € &(B) is L-connected if LCC(0,L)=B.
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When B=[1;n] and L is the identity, we shall use the term of connected
instead of L-connected.

Example 1.3.
0= (333429) is connected;
6= (13342%) is not connected (LOC(0)={4.5,6}).

1.2. Results

We may now express the main theorem of the paper.

In Section 2 (Definition 2.4), we introduce a function ¢ which associates
a numbering of B with every triplet (0,0,r) € §(B) x &(B) x B such that
(0,0) acts transitively on B. We then prove:

Theorem. Let 6 be a permutation on a finite set B, let r € B be a distin-
guished element of B and let 1<d< ] B ] be an integer.
Then, the function ¢ (-,0,r) is a bijection
— from the set of the permutations o on B such that (o,0) acts transitively
on B and | (o) -r|=d,
— to the set of the numberings L of B, such that L(r)=d and r € LCC(0, L).

From this theorem, we then deduce the following bijection on pointed
hypermaps:
Theorem. Let 1<d<n be integers.

The mapping from the set of the labeled pointed hypermaps with n darts
to &,, defined by

(0,0,7) — (0,0,7)0(0,0,r)""
induces a bijection

— from the set of the pointed hypermaps with n darts, with pointed vertex
degree d and with a representative of the form (o,0,7),
— to the set of the conjugates 6 of § in &,,, such that |[LCC(0) |>n—d and

[(6)-d|=](6) r|.
By a slight transformation, we will deduce:

Theorem. Let 1<d<n be positive integers.
There is a bijection from the set of the pointed hypermaps with n darts
and with pointed vertex degree d to the set of the connected permutations

a€6([0;n]) such that a=1(0)=d. (see Fig. 3).
Also:
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r—d=3

G=1(123)(456)(78910) (11 12 13)
(L(r) =d = 3,L(m1) = 6,L(mz2) = 10, L(m3) = 13)
6= (176)(21110)(3 4 8 13)(5 9 12)

(
— 1 234567 8 910111213
- 711 4 8 91 6 1312 2 10 5 3
a = 01234567 8 9 10111213
~“\4 71108 9161312 2 105 3

Fig. 3. Bijection between pointed hypermaps and connected permutations.

Theorem. Let 1<d<n be positive integers.

There is a bijection from the pointed maps with m edges (that is: with
2m darts) which have pointed degree d to the connected fixed-point free
involutions o on [0; 2m+1], such that a=1(0)=d+1.

Last, we give algorithms to compute the bijections used in the theorems,
for the sake of encoding pointed hypermaps and pointed maps as connected
permutations and connected fixed-point free involutions. We also give algo-
rithms for the converse bijections, reconstructing pointed hypermaps and
pointed maps from their code.

2. More definitions and basic properties

In the following, B denotes a finite set.

Definition 2.1. Let 0 be a permutation on B and let L be a numbering of
B. An element be B is (0, L)-minimal if

(1) W b, 6) > 0(b).
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Definition 2.2. Let 0,0 be permutations on B and let L be a numbering
of B. An element b€ B is (0,0, L)-minimal if

() W e (o) b, O) > o).

We shall now introduce two mappings. The first, explicitely and the sec-
ond, algorithmically.

Definition 2.3 (mapping ¢*). With a triplet (L,6,7) € Numb(B)x&(B)x
B, we associate the permutation o =v¢*(L,0,r) on B, defined by:

L7(1) if b=r,
successor (<, ) if b=my,
(3) o(b) =

L

<

L . )
successor(<,m;) ifb=mi1(1 <i<s),

L

<

successor (<, b) otherwise.

L L
where successor(<, ) is the successor of x in the linear order <, and where

L L L
the elements m; <mg <...<mg are the (,L)-minimal elements of B which
are strictly greater than r.

Notice that o =1*(L,0,r) is defined in such a way that the (6, L)-minimal
elements myq,...,ms are also (0,60, L)-minimal.

The search for an inverse mapping leads to the following algorithmic
definition:

Definition 2.4 (mapping ). With a labeled pointed hypermap (o,0,r),
we associate the numbering L = ¢(0,0,r) of B, defined by the following
algorithmic construction:

let mog=7r
for i=1 to | (o) -mg| do
let L(o%(mo))=1
end for
X «—(o)-mp, s<0
while X # B do
let mgy1 € B\ X be such that 0(msy1)€ X and L(6(ms41)) minimum.
for i=1 to | (o) -msy1| do
let L(o(msi1))=|X|+i
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end for
X—XU(o) msy1, s<s+1
end while

As (0,0) acts transitively on B, if no element of X has a §~!-value outside
it, then X is an orbit stable under the actions of ¢ and 8~! and thus includes
(0,0) - r=B. Therefore m411 may be computed as long as X is different from
B. Hence the sequence eventually ends with X = B.

Lemma 2.1. Let B be a finite set, let 0 € S(B) and let r € B.

Then, ¢(-,0,r) is a bijection from the set of the pointed labeled hyper-
maps on B to the subset of Numb(B) formed by the numberings L such
that (Y*(L,0,r),0) acts transitively on B.

Moreover, the restriction of ¥*(-,6,r) to the subset of the numberings
L eNumb(B) such that (¢*(L,0,r),0) acts transitively on B is the mapping
inverse to (-,0,r).

Proof. Assume (0,0,7) is a labeled pointed hypermap and let L=1(0,0,r).
The darts my,...,ms computed by the algorithm of Definition 2.4 are (6, L)-
minimal by construction. Thus, it is easily checked that, according to Defi-
nition 2.3, ¥*(L,0,r)=o0.

Conversely, assume L € Numb(B) is such that (¢*(L,60,r),0) acts transi-
tively on B, and let 0 =4¢*(L,0,r). Then, according to Definition 2.3, the

elements myq,...,ms will be (0,0, L)-minimal. Thus, they will correspond to
the elements (also denoted my,...,ms) computed by the algorithm of Defi-
nition 2.4 and hence ¢(o,0,7)=L. |

Lemma 2.2. Let G be a permutation group on a finite set By, L €
Numb(By), and p a bijection from By to a set By. Then:

LCC(uG", L) = p(LOC(G, L),
Y(uop " wbp" () = (o, 0,r)u".

Proof. These equalities express LCC(G,L) and (0,0,r) under a re-
labelling 1 of Bj. ]

Lemma 2.3. Let By,B; be finite sets, let r1 € By,ry € Bo,0; € 6(By) and
S 6(32)

If 05 is a conjugate of 61 in &(By), such that | (01) 71 |=|(02) -r2|, then
there exists a bijection pi: B| — By, such that ro=p(ry) and 0=~
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Proof. As 0, is a conjugate of 01 in &(B,), there exits a bijection p: By — Ba,
such that 6y = pb1p~1. Let s=p~(ra). As [(61)-r1|=|(02) ra|=|(01)-s],
we may define a bijection u: By — Bs by:
(i (1)) = p(6i(s)) (0 <i<[(61) ]),
u(0i(s)) = p(61(r1)) (0 <i<|[(61)-s)),
() = p(x) (if = & (61) - {r1,5}).
Then, u(r1)=u(09(r1))=p(09(s)) =p(s) =72, and Oy = b1 ="', as required. §

Lemma 2.4. If (01,01,71) and (02,02,72) are representatives of the same
pointed hypermap, then

(4)  p(02,02,12) O20(02,02,72) " = tp(01,01,71) 01 ¥(01,01,71) "

Proof. If (01,01,71) and (02,02,72) are representatives of the same pointed
hypermap, then there exists a bijection p from the ground set B of
(01,61,7m1) to the ground set By of (02,03,72), such that:

ro = :U’(Tl)a
oy = pop
Oy = pb1p".
Thus:
U(02,09,72) = Y(porp ", pbrip ", p(ry))
= 1p(oy, 0y, m)p " (by Lemma 2.2).
Hence,
U(02,09,72) 02 9(02, 02,72) 1 = 1p(01, 01, 71) o p(or, 01, 71) "
= P(o1,01,71) 01 ¢(01,01,m1) 1

3. Transitivity and connectivity

We shall now prove the main theorem.

Theorem 3.1. Let B be a finite set, n=|B|, r€ B, §€ §(B) and 1<d<n
an integer.
Then, ¢(-,0,r) is a bijection

— from the set of the permutations o € &(B), such that |{(c)-r|=d and
such that (o,0) acts transitively on B,
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— to the set of the numberings L of B, such that L(r)=d and r€ LCC(0, L).

Proof. Let (L,0,r) € Numb(B) x §(B) x B.
Let us prove by contradiction that (o,0) acts transitively on B if r €
LCC(#,L): Assume r€ LCC(#,L) and (0,60) - r# B. Define b and m by

b=min(B\ (0,0) - ),
<
m= 971(min{9(b’) A = b})

L = ’

<
Then, m is the L-smallest (#, L)-minimal element L-greater or equal to b

L

and thus, by Definition 2.3, m€ (o) -b. If m <b, then m€ (¢,6) - r and thus

L L
be (0,0) - r, a contradiction. If m>b, then the set {V/ € B, b >b} is stable

L

under the action of 6, thus includes LCC(f, L) and hence includes r < b, a
contradiction.

Conversely, we prove by contradiction that » € LCC(6,L) if (0,0) acts
transitively on B: Assume (0,0) acts transitively on B and r ¢ LCC(6,L).
Let m=max, (B\LCC(0,L)). As LCC(6,L) is a L-up-set stable under the

<

action of 0, m is a (0, L)-minimal element, which is L-greater or equal to r.

Thus, according to Definition 2.3, LCC(0,L)={V' € B,v Z m} is a union a
orbits of o, and hence stable under the action of (o,0), a contradiction.
Thus, for any (L,0,r) € Numb(B) x §(B) x B, r€ LCC(0, L) if and only
if o =4¢*(L,0,r) is such that (0,0) acts transitively on B. The theorem is
hence a consequence of Lemma 2.1. ]

4. Encoding of pointed maps and hypermaps

We start with a general theorem allowing to encode pointed hypermaps with
given edge-permutation signature and pointed vertex degree.

In order to prove this theorem, we first state the following strengthening
of Lemma 2.4:

Lemma 4.1. Let (01,61,71) and (02,02,r2) be labeled pointed hypermaps
on B and Bs, respectively.

If | {o1) -r1 | =] (02) -T2 |, then (c1,01,r) and (02,02,7) are representatives
of a same pointed hypermap if and only if

(5)  p(02,02,12) O20(02,02,72) " = tp(01, 01,71) 01 (01, 01,71) "
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Proof. The “if” part follows from Lemma 2.4.

Thus, assume Equation (5) holds. Let pu = t(0a,0,79) ttb(aq,01,71).
Then, (5) rewrites as 0 = uf ', Moreover, according to Definition 2.4,
(¥(o1,01,m1))(r1) = [{o1) 11| = [(o2) 72| = (¥(02,02,72))(r2), and thus

w(r1)=ry. Hence:

v (o, 00,75) = ¥ (oap ™ it (1)) (as plipt=0s, u(r1) =)
= (o1, 01,m1)p" (by Lemma 2.2)
= ¢(0-27 92, TZ)-

According to Lemma 2.1, ¢(-,02,r2) is injective, and thus popu~ " =0y and
hence (01,01,71) and (09,02,79) represents the same pointed hypermap. |

1

Theorem 4.2. Let 1<d<n be integers.
The mapping from the set of the labeled pointed hypermaps with n darts
to &,, defined by

(0,0,7) — (0,0,7)01(0,0,r)""
induces a bijection

— from the set of the pointed hypermaps with n darts, with pointed vertex
degree d and with a representative of the form (o,0,7),
— to the set of the conjugates 6 of § in &,,, such that |[LCC(0) |>n—d and

[(@)-d|=[(0) -+,

Proof. First notice that, according to Lemma 4.1, the image of the mapping
does not depend on the choice of the representative and that the mapping
is injective.

Consider any conjugate 6 of 0 in &, such that !LCC(§)| >n—d and
[(0)-d| = |(#)-d|. According to Lemma 2.3, there exists a numbering L €
Numb(B) (where B is the ground set of the hypermap), such that L(r)=d
and §=LOL~!. Then, as LCC(f) is an up-set,

|LCC(0) | >n—d = d€LCC(h)
= d e LCC(LOL™' 1d)

«— L7Y(d) e LCC(,L) (according to Lemma 2.2)
<= r e LCC(6,L).

Thus, according to Theorem 3.1, there exists 0 € G(B), such that | (o) -r | =d,
(0,0) acts transitively on B and L=1(0,6,r). Hence, there exists a pointed
hypermap with representative (o,6,r) and with pointed vertex degree d, such
that 0 =1(0,0,7)01(c,0,7)~". This proves the surjectivity of the mapping. i
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Corollary 4.3. Let 1<d<n be positive integers.

Then, the mapping (o,0,7) +— ¥(0,0,7)0(0,0,7)~" induces a bijection
from the set of the pointed hypermaps with pomted vertex degree d, to the
set of the permutations 6 € &,, such that |ILCC(0)|>n—d.

Proof. Consider all the possible conjugation classes of 6. ]
Theorem 4.4. Let 1<d<n be positive integers and let

Fi: [0;n]x6&,—6(0;n])
be the mapping defined by

0(d) ifx=0,
F(d,0)(x) =0  ifzr=d,

O(xz) otherwise.

Then, the mapping
(0,0,7) = Fy(| (o) -7 [,9(0,0,7) 0 0(a,0,7) ")

induces a bijection from the set of the pointed hypermaps with n darts
and with pointed vertex degree d, to the set of the connected permutations
a€6([0;n]) such that a~(0)=d.

Proof. F} is a bijection from [0;n]x &, to &([0; n]), such that F}(d,0) is
connected if and only if |[LCC(0)|>n —d. Thus, the theorem follows from
Corollary 4.3. 1
Theorem 4.5. Let 1<d<n be positive integers, and

Shiftq : [1;n] —[0;n+1]\{0,d+1}
be the bijection defined by

T ifrx <d,
r+ 1 otherwise.

Shifty(z) = {

Moreover, let

Fy: [1;n]x6,—6(0;n+1])



498 PATRICE OSSONA DE MENDEZ, PIERRE ROSENSTIEHL
be the mapping defined by

d+1 ifx =0,
Fy(d,0)(z) =40 ifx =d,
Shiftq 0 Shiftq ! (z) otherwise.

Then, the mapping

(0,0,7) — Fa(| (o) -r|,9(0,0,r)0(c,0,r)1)

induces a bijection from the set of the pointed maps with m edges and
with pointed vertex degree d, to the set of the connected fixed point free
involutions a€ &([0; 2m+1]), such that a(0)=d+1.

Proof. F, is a bijection from the set of couples (d,6), where 6 is a fixed
point free involution with |[LCC(6))|>n—d to the set of the connected fixed
point free involutions o with «(0) = d+ 1. The theorem thus follows from
Theorem 4.2, by considering any fixed point free involution 6. ]

5. Counting

Theorem 5.1. Let B be a finite set, r € B a distinguished element of B, G
a permutation group on B. Let O be a permutation on B having the same
orbits as G. Then, the function ¢ (-,0¢,r) is a bijection

— from the set of the permutations o € §(B), such that (o,G) acts transi-
tively on B,
— to the set of the numberings L of B such that r € LCC(G,L).

Moreover, if L=(0,0¢,r), then L(r)=|{(c)-r|.

Proof. Let 6 be any permutation on B having the same orbits as G. Then,
for any permutation o, (o,G) acts transitively on B if and only if (o,0) acts
transitively on B. Similarly, for any numbering L on B, we have LCC(G, L) =
LCC(6,L) as LCC(G,L) is the smallest up-set of L which is an union of
orbits of G.

Thus, according to Theorem 3.1, ¥(-,0,r) will be a bijection from the
set of the permutations o € &(B), such that |(c)-r| = d and such that
(0,G) acts transitively on B, to the set of the numberings L of B, such that
L(r)=d and r€ LCC(G, L). |
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Corollary 5.2. The number of permutations o such that (o,G) acts tran-
sitively on B is equal to

LIS yLCC(G,L)y_%

| linear order L

> |LCC(H, Ly) |,
H conj G

where Ly is some fixed numbering of B, N(G) denotes the normalizer of G
(i.e. the set of the permutations p, such that uGu~'=G), and where the
last summation is done over all the subgroups of &(B) which are conjugates
of G.

We shall also mention the following corollary of Theorem 4.2:

Corollary 5.3. The number of pointed hypermaps with m darts, such that
the vertex incident to the pointed dart has degree d is equal to

d—1

Zz'f(m—z),

i=0

where f(i) is the number of connected permutations on [1;1].

6. Algorithms

Algorithm 1 computes the numbering v (o,6,r), or returns an error if (o,0)
does not act transitively on B.

This algorithm looks like a “shortest path” algorithm, what is not so
surprising as the numbering 1 (0,0,r) may actually be seen as a shortest
path order for some valuation of the directed graph with nodes B and with
arcs corresponding to the z+ o (x) and x+ 06~ (x) transitions.

In case where B=[1;n], Algorithm 1 may be used to actually compute
the conjugate (c,0,r)01(0,0,7)~! of 6 encoding the pointed hypermap
(0,0,1).

Algorithm 2 computes a permutation o on [1; n] associated with a couple
(0,d). Although this algorithm may be applied on any couple (6,d), the
computed permutation o actually provides a representative of the hypermap
(0,0,d) having 0 as its code.
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Algorithm 1 (Encoding): Computes 1(0,0,r).
Require: (o,60) acts transitively on B and r € B.
Ensure: ¢=1(0,0,r).
for all be B do
B(b) — o
end for
for i—1 to ’<0’>-’I" do
o0 () —i
end for
left <1, right« | (o)-r |
while right < | B| do
while ¢0~' ¢! (left) < co do
if left =right then
return an error {(o,0) does not act transitively on B}
end if
left «—left +1
end while
b—0"" ™" (left)
for i—1 to ’ (a)-b! do
¢(o'(b)) «—right +1
end for
right — right + | (c) |
end while

Algorithm 2 (Decoding): Computes a permutation o € &,, associated
with a couple (6,d).

Require: 0 is a permutation on [1;n] and 1<d<n is an integer.
Ensure: 0=F(0,d).
for i< 1ton—1do
O‘(Z) —i1+1
end for
right < n
t—n—1
while i>d do
if 6(i) <6f(right) then
o(right) —i+1
right «—i
end if
1—1—1
end while
o(right) —d+1
o(p)—1
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